Programa de Pés-Graduagao
em Matematica da UFES

ANALISE FUNCIONAL
(com aplicagoes & Mecanica Quantica)

Curso de Verao — 90h

Professor: Victor Goulart

Monitor: Joao Medeiros

Formato: 6 semanas, segunda a sexta-feira (1 sessdo semanal de problemas)
Avaliagao: Prova intermediaria 4+ prova final (50% da nota final cada)
Bibliografia basica:

Introducao a Andlise Funcional, César Rogério de Oliveira, Projeto Euclides, IMPA
Bibliografia complementar:

Methods of Modern Mathematical Physics, Michael Reed e Barry Simon

Functional Analysis, Peter Lax

Functional Analysis, Sobolev Spaces and Partial Differential Equations, Haim Brézis
Bibliografia auxiliar (e alguns clédssicos):

The Elements of Integration, Robert Bartle

Elements of the Theory of Functions and Functional Analysis, Fomin-Kolmogorov
Functional Analysis, Kosaku Yosida

The Principles of Quantum Mechanics, P.A.M. Dirac

Mathematical Foundations of Quantum Mechanics, John von Neumann

Quantum Mechanics, non-relativistic theory, Lev Landau and Evgeny Lifschitz
Quantum Mechanics, Bernard Diu, Claude Cohen-Tannoudji and Franck Laloé
Introduction to Quantum Mechanics, David Griffiths

PLANO DO CURSO

SEMANA 1 — Fundamentos Topolégicos e Espacos Normados
Objetivo: Introduzir a linguagem e importantes exemplos

e Breve revisao de Topologia Geral

e Espacos normados e métricos

e Sequéncias de Cauchy e completude



e Exemplos fundamentais: C°, 7, 1 < p < o0

e Breve revisao de Teoria da Medida e Integracao

e Exemplos fundamentais: 7, LP, 1 <p < oo

e Espacos de Banach

e Subespacos fechados e quocientes

e Completamento de espagos normados

e Espacos duais

e Funcionais lineares continuos

e Normas no espaco dual

e Teorema de Hahn—Banach (forma analitica)

e Extensoes dominadas

e Separacao geométrica

Sessao de problemas: completamento, Hahn-Banach, separacao convexa

Referéncias: Oliveira, 1, 2, 4, 10-12; Brézis, 1-2; Lax, 3-5; Reed-Simon [, 3, 4, 6
SEMANA 2 — Teoremas Fundamentais da Analise Funcional
Objetivo: entender os pilares estruturais da teoria

e Topologias fraca e fraca®

e Compacidade fraca

e Bidual

e Principio da Limitagdo Uniforme (Teorema de Banach—Steinhaus)

e Teorema da Aplicacao Aberta

e Teorema do Grafico Fechado

e Equivaléncia entre Aplicacao Aberta e Grafico Fechado

e Importancia para operadores nao limitados

Sessao de problemas: aplicacoes dos teoremas estruturais
Referéncias: Oliveira, 2, 6-9, 14, 15,; Brézis, 4; Lax, 5, 10-12, Reed—Simon I, 4



SEMANA 3 — Espacos de Hilbert e Operadores Limitados

Objetivo: transicao natural para a Mecanica Quantica

e Espagos de Hilbert (separdveis, unicidade a menos de isometria linear)
e Ortogonalidade e projecoes

e Bases (de Schauder) ortonormais

e Teorema da Representagao de Riesz

e Identificac@o natural H ~ H* (notagao (- | bra-ket |-))

e Operadores lineares limitados

e Norma de operador

e Operador adjunto

e Lema de Lax-Milgram

e Operadores normais, unitarios e auto-adjuntos

e Primeiras interpretacoes fisicas

Sessao de problemas: adjuntos, projecoes, operadores unitarios
Referéncias: Oliveira, 3, 4, 13, 17-21; Brézis, 5-6; Lax, 6-8, Reed—Simon I, 2, 6

PROVA INTERMEDIARIA (segunda-feira da Semana 4)

Conteudo:
e Teorema de Hahn—Banach
e Teorema de Banach-Steinhaus
e Teoremas da Aplicacao Aberta e do Grafico Fechado

e Espacos de Hilbert



SEMANA 4 — Operadores Nao-Limitados

Objetivo: fundamentos matematicos da Mecanica Quantica
e Motivacao fisica

Dominios densos

Exemplos de operadores diferenciais (momento, laplaciano)

Operadores fechados e fechaveis

Gréficos e extensoes

Operador adjunto para operadores nao-limitados

Densidade do dominio

Sessao de problemas: fechamento de operadores e exemplos fisicos

Referéncias: Reed—Simon I, 8

SEMANA 5 — Analise de Fourier e Auto-adjuncao

Objetivo: formulagao correta de observaveis quanticos

e Séries de Fourier

e A transformada de Fourier

e Operadores simétricos vs. auto-adjuntos
e Contraexemplos

e Subespacos de deficiéncia

e Indices de deficiéncia

e Teorema de von Neumann

e Extensoes auto-adjuntas

e Auto-adjuncao essencial

e Significado fisico

Sessao de problemas: calculo de séries e transformadas de Fourier e de indices
Referéncias: Oliveira, 20, 22; Reed—Simon II, (9, 10)



SEMANA 6 — Teoria Espectral e Dinamica Quantica

Objetivo: compreender a evolucao temporal de estados quanticos

e Espectro de operadores auto-adjuntos

e Espectro pontual e continuo

e Teorema espectral (para operadores auto-adjuntos somente)
e Medidas espectrais

e (Calculo funcional

e Grupos unitarios fortemente continuos

e Teorema de Stone

e Equacao de Schrodinger

Sessao de problemas: evolucao temporal e interpretacao fisica
Referéncias: Oliveira, 27-29; Reed—Simon I, Caps. 7,8

PROVA FINAL (primeira segunda-feira apés a Semana 6)

Conteudo:

e Operadores nao-limitados

Auto-adjuncgao

Indices de deficiéncia

Teorema Espectral

Teorema de Stone



UFES’ Math Graduate School (PPGMAT-UFES)

FUNCTIONAL ANALYSIS
(with applications to Quantum Mechanics)

Summer Course — 90h

Lecturer: Victor Goulart
TA: Joao Medeiros

Schedule: 6 weeks, monday to friday (with weekly problem sessions)
Examination: midterm exam + final exam (each corresponds to half the grade)
Basic bibliography (in Portuguese):

Introducao a Andlise Funcional, César Rogério de Oliveira, Projeto Euclides, IMPA
Complementary bibliography:

Methods of Modern Mathematical Physics, Michael Reed e Barry Simon

Functional Analysis, Peter Lax

Functional Analysis, Sobolev Spaces and Partial Differential Fquations, Haim Brézis
Auxiliary bibliography (and some classics):

The Elements of Integration, Robert Bartle

Elements of the Theory of Functions and Functional Analysis, Fomin-Kolmogorov
Functional Analysis, Kosaku Yosida

The Principles of Quantum Mechanics, P.A.M. Dirac

Mathematical Foundations of Quantum Mechanics, John von Neumann

Quantum Mechanics, non-relativistic theory, Lev Landau and Evgeny Lifschitz
Quantum Mechanics, Bernard Diu, Claude Cohen-Tannoudji and Franck Laloé
Introduction to Quantum Mechanics, David Griffiths

COURSE SYLLABUS

WEEK 1 — Topological Foundations and Normed Spaces
Goal: introduce language and important examples

e Brief review of Point-set Topology

e Normed and metric spaces

e Cauchy sequences and completeness

e Fundamental examples: C%, /7, 1 < p < oo



e Banach spaces

e Brief review of Measure Theory and Lebesgue Integration
e Fundamental examples: 7, LP, 1 <p < o0

e Closed subspaces and quotient spaces

e Completion of normed spaces

e Dual spaces

e Continuous linear functionals

e Norms on the dual space

e Hahn—Banach Theorem (analytic form)

e Dominated extensions

e Geometric separation

Problem session: completion, Hahn—Banach, convex separation
References: Oliveira, 1, 2, 4, 10-12; Brézis, 1-2; Lax, 3-5; Reed-Simon I, 3, 4, 6

WEEK 2 — Fundamental Theorems of Functional Analysis

Goal: understand the structural pillars of the theory

e Weak and weak-* topologies

e Weak compactness

e The bidual

e Uniform Boundedness Principle (Banach—Steinhaus Theorem)
e Open Mapping Theorem

e Closed Graph Theorem

e Equivalence between Open Mapping and Closed Graph

e Importance for unbounded operators

Problem session: applications of the structural theorems
References: Oliveira, 2, 6-9, 14, 15,; Brézis, 4; Lax, 5, 10-12, Reed—Simon I, 4



WEEK 3 — Hilbert Spaces and Bounded Operators

Goal: natural transition to Quantum Mechanics

Hilbert spaces (and the unique linear isometry class of separable Hilbert spaces)
e Orthogonality and projections

e Orthonormal (Schauder) bases

e Riesz Representation Theorem

e Natural identification H ~ H* (the (- | bra-ket |-) notation)

e Bounded linear operators

e Operator norm

e Adjoint operator

e Lax-Milgram Lemma

e Normal, unitary, and self-adjoint operators

e First physical interpretations

Problem session: adjoints, projections, unitary operators
References: Oliveira, 3, 4, 13, 17-21; Brézis, 5-6; Lax, 6-8, Reed—Simon I, 2, 6

MIDTERM EXAM (monday of Week 4 )
Coverage:

e Hahn-Banach Theorem

e Banach—Steinhaus Theorem

e Open Mapping and Closed Graph Theorems

e Hilbert Spaces



WEEK 4 — Unbounded Operators

Goal: mathematical foundations of Quantum Mechanics

e Physical motivation

Densely defined operators

Differential operator examples (momentum, Laplacian)

Closed and closable operators

Graphs and extensions

Adjoint of unbounded operators

Density of the domain

Problem session: operator closures and physical examples

References: Reed—Simon I, 8

WEEK 5 — Fourier Analysis and Self-Adjointness

Goal: proper formulation of quantum observables

e Fourier series

e Fourier transform

e Symmetric vs. self-adjoint operators
e Counterexamples

e Deficiency subspaces

e Deficiency indices

e von Neumann’s Theorem

e Self-adjoint extensions

e Essential self-adjointness

e Physical meaning

Problem session: computation of Fourier series and transforms and of indices
References: Oliveira, 20, 22; Reed—Simon II, (9, 10)



WEEK 6 — Spectral Theory and Quantum Dynamics

Goal: understand the time-evolution of quantum states

e Spectrum of self-adjoint operators

Point and continuous spectrum

Spectral Theorem (for self-adjoint operators only)

Spectral measures

Functional calculus

Strongly continuous unitary groups

Stone’s Theorem

Schrodinger equation

Problem session: time evolution and physical interpretation
References: Oliveira, 2729 ; Reed—Simon I, 7, 8

FINAL EXAM (first monday after Week 6)

Coverage:

e Unbounded operators

Self-adjointness

Deficiency indices

Spectral theorem

Stone’s theorem

10



